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Abstract-This paper deals with a pLaplacian equation ut - div((Vulp-2Vu) = Jn zcq(z, t) dn: 
with null Dirichlet boundary conditions in a bounded domain R c RN, where p > 2, Q 2 1. Under 
appropriate hypotheses, we establish local theory of the solution and obtain that the solution either 
exists globally or blows up in finite time. @ 2003 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION AND MAIN RESULTS 
In this paper, we consider the following pLaplacian equation with nonlocal source: 
ut - div (IVU[~-~VU) = 1, ~~(2, t) dz, x E R, t > 0, (l.ij 
u(x, t) = 0, XE au, t >o, (1.2) 
4x, 0) = uo(x), 5 E R, (lZ3) 
where 0 is a bounded domain in RN(N 2 1) with sufficiently smooth boundary 69, p > 2. q 2 1. 
us(~) E L”(Q) n W,$‘(s2) and v < 0 on dQ, Q denotes the unit outer normal vector on the 
boundary. 
Equation (1.1) is a degenerate parabolic equation and appears, for example, in the theory of 
non-Newtonian fluids [l] . 
As a matter of course, equation (1.1) with p = 2 gives a semilinear parabolic equation and 
has been studied by many authors. Conditions on blowing up, blow-up set, blow-up rate, and 
asymptotic behavior of solution are obtained, see [2-41. 
However, to the authors’ best knowledge, there is no literature on problem (1 .l)-( 1.3). A few 
authors have investigated the following equation: 
ut - div (IVUI~-~VU) = ug (1.3) 
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with initial and boundary conditions (1.2) and (1.3), see [5-81. Roughly speaking, their results 
are 
(1) the solution u exists globally if q < p - 1, and 
(2) u blows up in finite time if q > p - 1 and ue(zr) is sufficiently large. 
The purpose of this paper is to investigate the solution of (l.l)-( 1.3). From the point of physics, 
we need only to consider the nonnegative solutions, Moreover, if we assume that ILO(X) > 0, by 
Lemma 2.1 (see Section 2 below), we can show that u(x,t) 2 0 a.e. in !J x (0,T). Thus, we only 
consider the nonnegative solutions in later sections. We start from the definition of the solution. 
Since (1.1) is the degenerate parabolic equation for ]Vu] = 0, one cannot expect the existence of 
classical solution for (l.l)-(1.3). Most of studies for pLaplacian equations concerned with weak 
solutions, for example, see [g-11]. 
Let Qr = R x (0, T), T > 0. Throughout this paper, we will use the following definition of the 
solution for (l.l)-(1.3). 
DEFINITION 1.1. A function u(s,t) is called a solution of (l.l)-(1.3) on QT if and only if u E 
C(0, T; LW(R)) n Lp(O, T; W,‘“(fi)), ut E L2(0, T; L2(s2)), u(x, t)]t,o = uo(x), and 
s 4x, tz)$(x, t2) dx - s u(x, tl)$(x, tl) dx = n n ss 
t2 
-I s 
]VU]P-~VU. V$ dx dt.+ 
t1 R 
1; I $(x1 t) (;:q(:;;:; “:, dt (1.5) 
holds for all 0 < tl < t2 < T, where $(x, t) E CIT’(QT) such that +(x, T) = 0 and $(x, t) = 0 on 
a0 x [O,T]. 
Similarly, to define a lower (super) solution ~(z, t) (C(x, t)), we need only to demand I/J(X, t) 2 0, 
21(x, 0) I UO(X) (ti(x, 0) 1 u,)(x)) in 0, 21(x, t) 5 0 (6(x, t) 2 0) on as2 x [0, T] and the equality 
in (1.5) is replaced by 5 (2). 
Now we give our results of (l.l)-(1.3). 
THEOREM 1.2. LOCAL EXISTENCE. There exists a TO such that (1.1)~(1.3) admits a solution 
u E C(0, To; Loo@)) n L*(O, To; W$*(s2)). 
THEOREM 1.3. UNIQUENESS. The solution u of @I)-(1.3) is uniquely determined by the initial 
data uc E Loo(o) n Was. 
The next two theorems show that the solution u may exist globally or blow up in finite time 
depending on p, q, ue(x), and the Lebesgue measure of Cl. 
THEOREM 1.4. GLOBAL EXISTENCE. Assume that one of the following conditions hold: 
(9 q <p - 1; 
(ii) q = p - 1 and IRI is sufficiently small; 
(iii) q > p - 1 and ue(x) is sufficiently small. 
Then the solution of (l.l)-(1.3) exists globally 
THEOREM 1.5. BLOWING UP IN FINITE TIME. Assume that 
(i) q=p-landIs is sufficiently large or 
(ii) q > p - 1 and UC,(X) is sufficiently large. 
Then the solution of (1.1)-(1.3) blows up in finite time. 
This paper is organized as follows. In Section 2, we establish local existence theory of the 
solution and prove Theorems 1.2 and 1.3. In Section 3, we prove Theorems 1.4 and 1.5 by 
making use of super and subsolution techniques. 
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2. PROOFS OF THEOREMS 1.2 AND 1.3 
We first establish a comparison lemma of (1 .l)-(1.3), which will be used in later proofs and 
may show an independent interest. 
LEMMA 2.1. Suppose that z~,ii are lower and super solution of (1 .l)-(1.3): respectivelv. then 
g 2 I a.e. in QT. 
PROOF. For small S > 0, set 
Then p&(t) is a piecewise differentiable function. Letting $(x, t) = ps((u - a)(~, t)), it is easy to 
verify that $(s, t) is an admissible test function in (1.5). 
Since 14 and a are lower and super solution of (1 .l)-( 1.3), we have 
(2.1) 
J @, tz)$+, tz) da: -J E(X, tl)$(x, tl) dx 2R JJ tz - JJ t1n ,V?i,P-2W.V$dxiar+~~ s,$(x,s) (;:(::-::;:xds. (2’2) 
Let tl = r, t2 = r + h, T, h > 0, r + h < T, and w = u - ~~ then by (2.1),(2.2) we obtain 
J w(x, T f h)$(x, T + h) dx - n J 4x, ~M(x, 7) da: cl r+h 
- J J 
T+h 
< ~$3 dx ds - 
T n J J R ((Vglp-2Vg - (Vn]p-2V?i) V$ dx ds (2.3) 
+I”” &(x;s) (s,(sq -72) dx) dxds. 
Dividing (2.3) by h and integrating 7 over (0, t) gives 
x, T -I- h) - w(x, T)$(x, 7)) dx d7 
wll.dxdsdr+~~~‘+h~l”(x,s) (S,(gq-zq)dx) dxdsdr (2.4) 
( ]VE]~-‘V~ - ]Vn]p-2V~) . Vlc, dx ds dr. 
By the properties of Steklov’s averages [9, Lemma 1.3.21, we yield 
Jot~~rihJnw~adxdJdi-~Sn.yi.dxd~, ash--to+, 
lx”” s, 
(]VQ]~-~V~ - IVE]p-2Vi) . Vll, dx ds dr 
-IS 
0t n (IV~/p-2V~ - ]VnlP-2Vlii) V$ dxds, ash-,O+, 
(2.5) 
(2.6) 
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lt ; 1”” s, $‘(x, s) (s, (2LQ - $iQ) dx) dx ds dr 
-+ J,’ ~$‘;x,s, (J,(:q -g)dx) dxds, as h -+ O+. 
Now we show that 
tl JJ o 7;: n(w(x, 7 + hM x, T + h) - w(x, 7)$(x, T)) dxd7 
-+ J n(4x, t)$& t) - w(x,OMx, 0)) dxdT, as h -+ O+. 
In fact, 
(2.7) 
(2.8) 
1 = JJ t+h w(x, s)$(x, s) dxds - 1 t flh h JJ nh 0 w(x, s)$(x, s) dxds 
1 t+h h 
= - JJ nh t w(x, s)$(x, s) dxds - JJ .t 0 w(x, s)$(x, s) dx ds 
4 J W(x,w(x,t)dx- J w(x,O)$(x,O)dx, ash-+O+. n R 
By (2.3)-(2.8), we obtain 
J 4x, th(w(x, t)) dxI J 
t 4x, '%a(~(~, 0)) dx +JJ wp;(w)w, dxds R 
- JJ ot a(,V,r-:,,-,V~,p-2VE) Tps(llo-?i;dxds (2.9) t + JJ PdW(X, s>) (gq - TP) dx dx ds. 0 n (J s-l > 
Now we deal with the terms in (2.9). First, we have t 
JJ PS(W(X7 s)) (J (gq-TP)dx dxds . 0 n i-l > t. t I4lf-4 JJ qw+dxds 5 M 0 f-l JJ w+ dx ds 0 R
and 
t 
IJ J 
t 
wp;(w)w, dx ds 5 
0 n IJJ w+I~k(~>Il~sI dxds 0 n 
1 6 =- JJ 60 cl w+Iw,Idxds -+ 0, as h--+0+. 
Second, by Lemma 1.4.4 in [9], we get 
(IVg1p-2Vg - IVTilPm2VE) . Vpsf& -E) > min{O, ylV(u - 7T)+lP} 
for some y > 0. Finally, we have s, 20(x, O)p&(w(z, 0)) da: z 0 and pi 2 0 a.e. in R, wpb(w(x, t))w8 
increases and tends to w+ as b + O+ . Hence, we may let 6 -+ O+ in (2.9) to yield 
J 
t 
w+(x, t) dx < (M + 1) w+ (x, s) dx ds. 
n JS 0 n 
JJ ot ; $4x, T + h)$(x, 7 + h) - w(x, 7)$(x, 7)) dxdr = JJ 2 cl 
t 
w(x, T + h)Q(x, T + h) dx dT - JJ .i 0 
t 
w(x, T-)$(X, T) dx dr 
By Gronwall’s inequality, we obtain l, w+(x, t) dx = 0, i.e., u = E a.e. in QT. 
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Using Lemma 2.1, Theorem 1.2 can be proved in a similar way as in [8], see also [12]. However. 
we should take more care on the nonlocal term. 
PROOF OF THEOREM 1.2. Consider the following approximate problems for (1.1)~(1.3): 
unt - div (jVu,j’ + E,)(‘~‘)” Vu, ( ) s 
= u9,(x, t) dx. (x,t) E R x (O,T), (2.103 
R 
u,(x, t) = 0. (x.t) E dR x (O.T]. i2.13) 
t&(x, 0) = u?(x), 5 E 12. ( ‘2 12 ! 
Here {Ed} is a strictly decreasing sequence, 0 < E, < 1, and E, -+ 0’ as n + 03. ~6” ,: 
C,-(n) are approximation functions for the initial data uo(z) such that Iup ~~~~~~ 5 luo\~~-.(n~. 
jVugIp(n) 2 jVuolp(n) for all Ed, and uz -+ uo strongly in Wt”(fl). 
Equations (2.10)-(2.12) are a nondegenerate problem for each fixed E,. It is easy to prove that 
it admits a unique classic solution u, by using Schauder’s fixed-point theorem. 
To find the limit function u(z, t) of the sequence {u,(z, t)}, we divide our proof into four steps. 
STEP 1. There exist a small TO > 0 and a constant Ml > 0, independent of n, such that 
bnlL-(QT,) < Ml. 
To this end, we consider the ordinary differential equations 
(2.13, 
1/1(O) = lUolL-(n)> 
dVz - = -IcqV,g, 
dt Vz(O) = -bolL-(ql 
and denote VI(t), l+(t) to be their solution, respectively. It is easy to know that there exists a to E 
(0,T) such that VI(t) and Vz(t) exist on [0, to] and to depends only on luoI~=cn,. By Lemma 2.1, 
we get (u,(x, t)l 5 max{Vl(t), -Vz(t)}. Setting To = to/2 and MI = max{K(To), -v2(To)}. we 
draw the conclusion. 
STEP 2. There exists a constant M2 > 0, independent of n, such that 
kb’(QT,,) < M2. 
In fact, multiplying (2.10) by u, and integrating over QT~, we obtain 
(2.14) 
1 
L s 
u;(x, To) dx + (\Vu,l’ + E,)(~-‘)‘~ (Vu,\‘dxdt 
=- f n(u:(x))2 dxt 
J’ 
1” (/jdx~tW) (gu;(x>W) dt 
BY IG”b(n) 2 Iuo~L-(~) and (2.13), we get 
TO 
ss 0 cl 
IVu,(Pdzdt I +,&,(nj +ToI~I~M,P+~. 
STEP 3. There exists a constant MS > 0, independent of n, such that 
To do so, multiplying (2.10) by u nt and integrating over QT,,, we have 
(2.15) 
TO 
s/ 
TO 
t&(x, t) da: dt = - 
0 n ss 
([VU,)~ + E,)(~-~)” Vu, VQ dx dt 
0 R 
+iTo ~.,(,,~, (J,u:(x,t,dx) dxdt 
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By Holder’s inequality, ]r@(~~(n) < ]u~(L~(o), equality (2.13), and 
To 
JJ (,&,I2 + &,)(p-2)'2vu, . Vu,t dx dt OS-2 
,= ; J, (,vtQ + E,J”~ dx - ; J (,v&yz + E,)~‘~ dx, 
n 
we yield 
TO JJ 0 R u;&, t) dxdt I -; J n (]V.U,]~ + ~n)“~ dx 
+A 2 s, (,Vux” I2 + E”)“’ dx + (f22((q-1)‘q JuTa (s, u; dx) 
(q+l)/q 
dt 
for some iW > 0. 
Therefore, by virtue of (2.13)-(2.15) and the Ascoli-Arzeli theorem, we can choose a subse- 
quence, still denoted by {un} for convenience, such that 
%a -+ u, a.e. for (2, t) E 52 x (0, TO), 
vu, -+ vu, weakly in Lp(O, TO; Lp(R)), . 
ut --+ unt, weakly in L2 (0, TO; L2(R)) , 
,vu,,p-2(%)zi -+ wr weakly in LP/(P-‘) (0, TO; Lplcp-‘) (Q)) . 
(2.16) 
(2.17) 
(2.18) 
(2.19) 
STEP 4. We show that Wi = ]Vu]PW2uZi. 
Multiplying (2.10) by $(u, - u) and integrating over QT~, we have 
TO JJ 
TO 
$(u, - u)unt dx dt + JJ + (]VU,(~ + E,)(‘-~)‘~ Vu,, V(u, - u) dxdt 0 3-l 0 n 
To + JJ (un -u) (]Vu,J2 +~,)(~-~)‘~Vu,V$dxdt 0 I-2 
= Jo” s, Nun - u) (s, u:(x,t) dx) dxdt. 
Using (2.13), (2.16), and (2.18), we can get 
TO 
lim JJ n $JlV%r2~~n .V(u, -u)dxdt = 0, 11’00 o 
The left is the same as Theorem 2.1 in [8]. 
Therefore, we complete our proof by a standard limiting process. 
PROOF OF THEOREM 1.3. Assume that u,v are two solutions of (l.l)-(1.3), using Lemma 2.1 
repeatedly, we can get u = v a.e. in R x [0, TO]. 
3. PROOFS OF THEOREMS 1.4 AND 1.5 
In this section, we investigate the global existence and blow-up properties of solution of 
(l.l)-(1.3). Our approach in a combination of comparison principle (see Lemma 2.1) and upper 
and subtechniques, which is quite different from that used in [5-8,131 to study (1.4). 
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PROOF OF THEOREM 1.4. Let 4(z) be the solution of the elliptic problem 
- div (IVq51pe2Vq5) = 1, 
4(x) = 0, 
x E cl, 
x E as-l, 
then we have 4(z) > 0 on Q, F < 0 on the boundary aR and there exists an M > 0 such that 
maxzEnq5(s) = M > 0, see [14,15]. 
Let G(X, t) = ad(x), w h ere a > 0 will be determined later. 
(i) In the case of q < p - 1, we can choose a > max{(ls21M”)1’P-“-1,sup,,n~~(z)/~(5)}. 
since y < 0 on dR. Thus, 
at - div ([VZ/P-~VE) = up-’ 2 aqMqIRI > a4 J $q dx. s-l 
Noticing ~(x, t) = 0 on aR x (0, +oo) and ‘ii(x, 0) 2 UC,(Z) in 0, we obtain U(Z, t) < zL(z, t) 
in Cl x (0, +oo) by Lemma 2.1. Hence, U(Z, t) exists globally. 
(ii) In this case, we can choose a > supsEn u~(x)/c$(z), then (3.1) holds provided that IQ] L 
l/M’J. The left is the same as in (i). 
(iii) In this case, to insure inequality (3.1) holds, we need only to choose a < (l/Mq]R])l/q-J’-‘. 
Thus, for the fixed a and sufficiently small us(x), we have a > supzen ue(~)/$(z). The 
left is the same as in (i). 
PROOF OF THEOREM 1.5. 
(i) Without loss of generality, we can suppose that 0 E R. We get our conclusion by a small 
modification of the results of Section 4 in [8]. 
(ii) To prove that u(z, t) blows up in finite time, we need only to find a blowing up subsolu- 
tion. Here our argument is similar to that in [16], where the more general nondegenerate 
equations are discussed. 
Let cp E Cl@), cp(x) 2 0, 4x1 $0, and I&Q = 0. By translation, we may assume without 
loss of generality that 0 E R and ~(0) > 0. 
Set 
with 
4x7 t) = (T : q’ v ~ (A> 
v(y)=(l+;-$)+. Y20, 
where y, o > 0, A > 1, and 0 < T < 1 are to be determined later. Note that 
supp z(., t) = B(0, R(T - t)“) c B(0, RTo) c R, 
for sufficiently small T > 0 with R = (A(2 + A))‘/2. 
Denote y = lxl/(T - t)“, a series of computation shows 
zt(x 
7 
q = Y(V(Y) + CYV’(Y)) 
(T -t)r+l ’ -WT t) = (T :;;+2g. 
BY 
div (IV4p-2Vz) = IVZ(~-~AZ + (p - ~)~VZIP-~(V~)~(H~(~))V~ 
(3.2j 
= IWp-2Az i- (P - W7~lp-4~ g $$--$ 
- 
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where H,(z) denotes the Hessian matrix of ~(2, t) respect to z, we can get 
ldiv ((VzlPe2vz) 1 5 NIA (T - tp+2o ((~T$?%)“-” 
= N(p - l)(diam(Q))PB2 
A(T - t)h+24(~--1) ’ 
If 0 5 y 5 A, we have 1 5 V(y) 5 1 + A/2 and V’(y) 5 0, then 
- 
J s-2 2q(x, t, dx = (T It)‘, J &)R(T-t)O) vq [ 1 (TZ)m dx 2(T _$yq4v,’ 
where fi = &(O,R) Vq(H) 6 
Hence, 
zt - div ((VZ(~-~VZ) - J ZQ dx n 
< ~(1 + A/2) + N(p - l)(diam(fl))pm2 _ li;r 
- (T - tp+1 A(T - t)(y+W(p-1) (T - qw--N~~ 
If y > A, we have V(y) 5 1 and V’(y) 5 -1, then 
Since p > 2 and q > p - 1, we can choose Q > 0, which is sufficiently small, such that 
max 1 + No 2u(p - 1) + NCT 1 - 2a(p - 1) 
Q-1’ q--p+1 > < p-2 . 
Choose y > 0 so that it satisfies 
max 
1 
l+Ng 2a(p-l)+Na 
q-l’ q--p+1 
< y < 1 - 2a(p - 1) 
p-2 ’ 
then we have 
yq - Na > y + 1 > (7 + 20)(p - 1). 
Select A > msx{l, r/a}, then, for T > 0 sufficiently small, (3.3),(3.4) imply that 
zt - div (IVzlpw2Vz) - L zq dx 5 0, (x, t) E Cl x (0, T). 
(3.3) 
(3.4) 
Since ~(0) > 0 and cp is a continuous function, there exist two positive numbers p and e > 0 such 
that p(x) 2 E, for all x E B(O,p) c R. Taking T small enough to insure B(0, RT”) C B(0, p), 
then z 5 0 on (0,T) x LX!. From (3.2), it follows that z(z,O) 5 &cp(x) for sufficiently large M. 
By Lemma 2.1, we have z 5 u provided that uc(x) 2 &v(x) and u can exist no later than t = T. 
This shows that u blows up in finite time. 
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